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Vertically bistatic reverberation
and the back-propagated field with
the split-step PE

H.G. Schneider

Executive Summary: Since the introduction of the split-step FFT solution
of the parabolic wave equation (henceforth abbreviated PE) this approach has
become widely accepted as a proven and powerful tool for investigating a great
variety of wave propagation problems. For underwater acoustics with rapidly
changing range-dependent environmental conditions and frequencies requiring
full-wave equation solutions no other modelling concept seems to be as versatile
and numerically effective as the PE.

Hence it was considered worthwhile to further develop the PE at the Centre,
first, by including loss due to scattering by a rough sea surface, as has been
incorporated in the SAFARI and SNAP models, and second, by creating the
capability to compute the reverberation from the ocean boundaries in the con-
text of a full-wave model in a range-dependent environment. The theoretical
background and some examples comparing this approach to other solutions
have been documented in a previous report.

In the present document the reverberation approach is further developed cover-
ing two different aspects. The first is to allow for a vertically bistatic geometry
of source and receiver where previously the source and receiver had to be co-
located. The second aspect is to present the backward propagating sound field
and to compare this with the reverberation. The backward propagating sound
field is generally displayed as a function of depth and range while the reverber-
ation is a function of receiver depth and arrival time.

To compute these fields two computational schemes were developed. The first
propagates the scattered field from each scattering element backwards to the
source and sums these contributions on a depth/range grid. This gives simul-
taneously the backward travelling field as well as the reverberation received at
the source range for scatterers at sufficiently large distances from the source.
The second scheme uses reciprocity of propagation to compute the reverbera-
tion field for arbitrary receiver depths at the source range. This scheme which
is less computer intensive, but gives most of the information for practical pur-
poses, was then incorporated into the standard PAREQ code.
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Vertically bistatic reverberation
and the back-propagated field with
the split-step PE

H.G. Schneider

Abstract: This report continues the modelling of reverberation from the sea
surface and the ocean bottom interface with the parabolic equation model
PAREQ using the split-step algorithm. A previous report used the principle of
propagation reciprocity to compute the reverberation for source and receivers
which were co-located. Here the reverberation scheme is generalized to allow
for differing depths of source and receiver, thus going from a monostatic to a
‘quasi-bistatic’ geometry. Additionally the full reverberant field is modelled by
back-propagating the scatter contributions from the boundaries. This is done
including geometrical spreading in azimuth, which requires the contributions
from different ranges to be propagated independently. The back-propagated
field is compared to solutions from two ray models (GSM, MOCASSIN) and
displayed both as a function of range, i.e. equivalent to a transmission loss
contour plot, and as a standard reverberation plot vs time.

Keywords: back-propagation o Generic Sonar Model o MOCASSIN o
PAREQ o reverberation o vertically bistatic
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1

Introduction

In an earlier report [1] a method of computing reverberation within the split-step
parabolic equation model PAREQ [2] was outlined. The approach used reciprocity of
propagation and was limited to a monostatic geometry, i.e. source and receiver had
to be co-located. Indications were also provided of how to generalize this approach to
a bistatic geometry where source and receiver are at different locations. We restrict
this here to a ‘quasi-bistatic’ case allowing only for different depths but not for a
horizontal displacement.

Two possibilities are apparent: the first again uses reciprocity of propagation, while
the second one propagates the scattered field backwards in range.

To use reciprocity for a source and a receiver not at the same depth requires that
two propagation runs be computed within the model, one to determine the incident
sound field onto the boundaries as a function of range and the second to compute
the propagation loss from all points at the boundary to the receiver, which is done
by computing the loss from the receiver location to the boundary. Hence this would
require only a slightly modified formulation as compared to the case of the co-located
source and receiver.

The second possibility, propagating the scattered field backwards, also determines
in one forward propagation run the incident field on the boundaries. Then this
field is converted by the scattering integral into the backscattered field which is
subsequently propagated backwards in range towards the receiver. This approach
gives the reverberation solution for all possible receiver depths at the source range
as well as the full backscattered field.

For the back-propagation it is important to note that the level as well as the vertical
directionality of the backscattered field at the boundary is not distributed uniformly
over range and azimuth, as would be the case for ambient noise created by the sea
surface. Hence the mathematical treatment has a distinct difference. If the noise
and receiver characteristics are independent of azimuth, then the source area at a
given range from the receiver is proportional to the range r (the area is an annulus
of diameter r and width dr) while the azimuthal spreading from each source area
element to the receiver is 1/r and so these factors cancel. In that case the sound can
be propagated towards the receiver in one computation run, where at each range
the source contribution is added to the propagating field. This cannot be done in
the case of a realistic reverberation geometry, because reverberation is certainly not
isotropic and hence the contribution from each range element has to be propagated
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to the receiver by an independent computation. This can become quite demanding
on computer time if the ranges are sufficiently long, however, all receiver depths
and ranges are covered at the same time to allow visualization of the entire back-
propagating field as a function of depth and range as well as of the reverberation as
a function of depth and time.

The model is thus suitable for computing reverberation for a point source and point
scatterers on one track in an Nx2D environment.

Other codes which include the backward propagating field, such as Collins’ TWO
WAY-FEPE [3], use either a two dimensional plane geometry with a line source or
a cylindrical geometry with a point source. In the latter case the contribution from
each reverberating surface element can be added to the backward propagating field
at the appropriate range as in the noise case.

In this report some examples will be given to illustrate the reverberation field in
two different ways. First as a function of range which is equivalent to a standard
transmission loss display, and second as a function of time which is the standard
reverberation display.
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2

Description of the method

The mathematical description of the method only outlines changes to the formulation
in [1]. In the split-step parabolic equation model, the complex pressure field is
marched out in range, so that the field known at range r; for all depths then serves
as input to the algorithm to compute the field at range ri + Ar. Since the total
field vanishes on the pressure release sea surface, the field incident at the boundary
(sea surface or bottom) is estimated by an artificial vertical array starting at the
boundary and extending into the water. To achieve a good estimate, the sound speed
is required to be constant over that array, otherwise errors will occur as discussed
earlier [1].

The estimated incident sound intensity is denoted by Iiy(k,r; Zs) where k is the
vertical wave number, r the horizontal range to the boundary element and Zs the
source depth. I, is stored at ranges r = R; and converted via the scattering integral
to the backscattered field Iy,

Iout(kv Ri; Zs) = /Sl(k,, k) Iin(kly Ri; Zs)dk/) (1)

where S1(k', k) denotes the backscattering function in terms of intensity.

If reciprocity of propagation is used, then the loss from the boundary element to the
receiver must be known, i.e. the loss from the receiver at depth Z; to each boundary
element Ii,(k, R;; Z;) which requires one propagation loss run for each receiver depth
Zy.

The reverberation intensity at the receiver is
N
T (Rii 2oy 2 = g [ Tou(b, Bis 22) Tk, B Z), @)
i

which is the analogous equation to Egs. 10, 11 in [1], N denoting the proper normal-
ization constant. The standard normailization of the reverberation level to a pulse
length of 1 s is adopted throughout.

In this equation the reverberation intensity is a function of the range where it was
generated; however, in experiments the reverberation is measured as a function of
time. For source and receiver geometries, where the path lengths to the reverbera-
tion boundary element at range R; may be approximated by that range, it may be
assumed that the reverberation travel time from the source to the boundary element
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at R; and back to the receiver is given by t; = 2R;/Cp with Cy = 1500 m/s, the
average sound speed. The inherent approximation is that the reverberation from
range R; arrives at the same time ¢; at all receiver depths (a farfield approximation).

This scheme has been incorporated into the PAREQ standard code. For sea-surface
reverberation either Lambert’s rule or the wind-dependent scattering formula by
Chapman and Harris [see 4] are available. In the following the scattering law is
assumed to be Lambert’s rule for the intensity, i.e. Si(k, k') = u k k'/k% with kg
denoting the acoustic wavenumber, ¢ the grazing angle, £ = kgsin¢g and p the
Lambert constant.

For the backward propagation case the square root of the intensity Iout(k, Ri; Zs)
is taken to be the backscattered field, where obviously no phase information is
provided. This contribution is propagated backwards to the receiver at the origin,
with the same forward propagation code and a properly rearranged, i.e. range-
inverted, environment. For this backward propagated field two different displays are
evaluated.

First the intensity fields which evolve from propagating the backscattered compo-
nents backwards are added. That is, the field at range R; contains components from
all contributions starting at ranges Ry, > R; having travelled the distance Ry, — R;.
This summation is done for the incoherent field. This can be seen as a steady-state
solution of the backward propagating field and a plot similar to propagation loss
display is obtained.

Secondly, to compute the reverberation, the scattered field from R; is back-propa-
gated to zero range and this result is stored at time t; for all receiver depths simul-
taneously. Thus a matrix of reverberation vs depth and time is built which has the
restriction that the reverberation time corresponds to the experimental one only if
the distance of the source and receiver to the scattering surface element is dominated
by range.
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3

Examples

Three examples are discussed with an increasing degree of complexity. First a simple
beam with one surface contact is modelled. Secondly the reverberation from a
convergence zone is evaluated, where the bottom has infinite loss. And thirdly
the same CZ sound-speed profile is used with a finite-loss bottom and a seamount
intersecting the propagation path.

3.1. SINGLE BEAM

The first example discussed is a Gaussian beam (from the standard PAREQ source
functions) with an opening angle of 1°, which is propagated from a source at 500 m
depth upwards towards the surface at an angle of 9°. The environment is isovelocity
water with Cy = 1500 m/s and a water depth of 1000 m. The frequency is 200 Hz
corresponding to a wavelength of 7.5 m. PAREQ was run with a 1024 point FFT
and a range-step size of 5 m. The array length to compute the incident field at the
boundary was chosen to be 100 m which is longer than recommended in [1}, because
the backscatter function applied here requires a finer angular resolution than would
be necessary to model Lambert’s rule.

« F=200.0Hz SD=5000m
0

Depth (m)

Range (km)

Figure 1 Transmission loss for a Gaussian beam directed towards the sea
surface, beam elevation 9°, Gaussian width 1°.
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3 F=200.0Hz $SD=5000m

B ABOVE -120
[ ] -125 - -120
[ ] -130--125
| ] -135 - -130
[ ] -140 - -135
-145 - -140
-150 - -145
-155 - -150
-160 - -155
-165 - -160
-170 - -165
) -175 - -170
[] BELOW -175

Range (km)

Figure 2  Back-propagated field caused by one scattering plane (vertical array)
for backscatter in the direction —9° (back to the source only).

[ F=2000Hz SD=500.0m

150
ABOVE -120

[ |
—_ | ] -125 - 120
£ [ ] -130--125
= B 135--130

] -140--135
-145 - -140
-150 - -145
-155 - -150
-160 - -155
-165 - -160
-170 - -165
B -175--170
[] BELOW -175

T | |
0 1 2 3 4 5

Time (s)

Figure 3 Time display of the field in Fig. 2 for all receiver depths at range
r = 0. Since the backscatter originates from one point in range it arrives (in the
farfield approximation) at one time instant.
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The transmission loss including the cylindrical spreading loss is displayed in Fig. 1.
Near the surface the loss is very high, however the blank area below the surface is an
artifact common to this type of display program and is governed by the resolution.
The spatial resolution cell is given by the small rectangle above the surface, and
since the acoustic pressure is zero at the sea surface a large gradient occurs causing
the first resolution cell to have this large loss. In later figures with coarser spatial
resolution this will be even more apparent.

3.1.1. One backscatter direction

As a first simple test case and to familiarize the reader with the displays, it was
assumed that backscatter originates at one range only and that the scatter is directed
9° downwards, that is the direction back to the source. Maintaining the scattering
strength from Lambert’s rule the scattering function is then S(k, k') = p k k' 6(k +
k' 6(r — Ry)/k2.

Figure 2 gives the back-propagating field as a function of depth and range as gener-
ated by one vertical source array at R; = 2.6 km with the energy distribution on the
array given by I,y. This indicates that the array length is sufficient, the effective
array length is deg = 150 m, to model a beam. This is like standard propagation
loss contours for one source array at R; = 2.6 km range. (The display starts at
2.4 km, i.e. one output range increment of 0.2 km later, for computational conve-
nience.) Note that the beamwidth is basically controlled by the size of the vertical
array which is much smaller than the array used for the source at range zero, hence
this beam is much wider than the source beam.

Figure 3 shows the same backscatter as a function of time. Since the energy orig-
inates from only one range R; = 2.6 km and range r is converted to time t by
t = 2r/Cy this gives only a contribution at one time instant. The width of this line
is caused by using the contouring program with a coarse resolution (see resolution
cell above the frame). Since the intensity distribution over depth is that at zero
range in Fig. 2, the contour interpolation creates a wider line at the source depth,
however the single contour lines are not resolved here, creating one black line.

Figures 4 and 5 show the corresponding results integrated over the entire sea surface.
The scatter events are placed at regular intervals of 0.2 km but still assuming only
one scatter direction of —9°. Figure 4 depicts the back-propagated field and Fig. 5
the reverberation. The reverberation field down to a depth of deg = 150 m must
be considered as the ‘near field’ of the artificial source array and the propagation
solution approximates the reverberation from the sea surface only beyond that.

Note that there is a time difference between the occurrence of the reverberation
maximum in Fig. 5 and the exact solution. Ideally the centre of the source beam
would hit the surface at 3.16 km resulting in a reverberation time of 4.2 s. However,
the centre of the beam passes earlier (at a shorter range) through the centre of the
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3 F=2000Hz SD=500.0m

150
ABOVE -100

||

[ ] -105 - -100
] -110--105
[ ] -115--110
] -120--115
B -125 - -120
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-135 - -130
-140 - -135
-145 - -140
-150 - -145
7] -155 - -150
[ ] BELOW -155

300

Depth (m)

450

600

Range (km)

Figure 4 Back-propagated field for backscatter in the direction —9° (back to the
source only).

3 F=200.0Hz SD=500.0m

150
ABOVE -100

.

[ ] -105 - -100
] -110--105
| ] -115-+110
] -120 - 115
-125 - 120
130 --125
-135 - 130
-140--135
-145 - -140
-150 - ~145
]

300

Depth (m)

450

155 - -150
(] BELOW -155

600 ,

Time (s)

Figure 5 Time display for all receiver depths of the field in Fig. 4 arriving at
range v =.0.
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vertical array which is 0.5 deg below the surface. Hence the displacement corresponds

to At = Tsloﬁ%oﬂ = 0.6 s, which can be inferred from the figure.

3.1.2. Lambert backscatter

Applying the full angular dependence of Lambert’s rule as a backscattering function
S(k, k") = p k K'/Ek% gives the results shown in Figs. 6 and 7. The display of the
back-propagated field vs depth and range must be considered as being integrated
over time. It is, again, not valid in the depth/range region 0-150 m/1.5-3.0 km,
where the beam contacts the sea surface. Outside this area it is quite clear that the
scattering law directs energy mostly downwards and to a lesser extent, to shallower
grazing angles. It is important here that the geometrical spreading correction has to
be applied with the path length rather than the horizontal distance from the source
element.

The inclination of the iso-level curves at ~ 3—-4 km range characterizes the limitation
of the split-step propagation code in propagation angle as well as the limitation in
angular resolution of the vertical array used to model the scattered energy: steeper
propagation angles are not supported. A cut through Fig. 7 gives the familiar time-
dependence of the backscatter at one depth which is depicted in Fig. 8 together
with results using the bistatic reciprocity scheme. The source beam pattern is as
given by Fig. 1. For a receiver with the characteristics of a Gaussian beam with
an opening angle of 20° the reverberation levels are almost identical to the result
from back-propagation where an omnidirectional receiver is assumed. This indi-
cates that energy travelling at larger angles does not contribute significantly to the
reverberation in this case.
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3 F=2000Hz SD=5000m

Il ABOVE -100
[ ] -105 - -100
[ ] -110--105
[ | -115--110
| ] -120--115
= -125--120
-130--125
-135 - -130
-140--135
-145 - 140
-180 - -145
) -155 - -150
C_] BELOW -155

Depth (m)

0 1 2 3 4
Range (km)

Figure 6 Back-propagated field caused by the beam for backscatter according to
Lambert’s rule.

[ F=200.0Hz SD=500.0m

160+
ABOVE -100

[ |

[ ] -105 - -100
|| -110--105
L] -115--110
] -120 - -115
-125--120
-130 --125
-135 - -130
-140 --135
-145 - 140
-150 - -145
-155 - -150
[ ] BELOW -155

300

Depth (m)

0 1 2 3 4 5
Time (s)

Figure 7 Time display for all receiver depths of the field in Fig. 6 arriving at
range v = 0.
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—100
F =200Hz
SD =500 m
=101 RD =500 m
o
k=2
c —120
S
®
£
2 130+
>
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@
g -140-
©
3
[/
~150
-160

Time (s)

Figure 8 Comparison of the reverberation at the source depth
(500 m); solid line: reciprocity approach with narrow angle

receiver; dashed line: back-propagated field with omnidirectional
receiver; dotted line: reciprocity approach with wide angle receiver.
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Table 1  Sound-speed profile for CZ propagation

Depth 0 100 500 1000 2000 3000 m
Sound-speed 1480 1476 1470 1476 1490 1504 /s

3.2. SEA SURFACE REVERBERATION FROM A CONVERGENCE ZONE

Next a more realistic case, namely the backscatter from the sea surface in a conver-
genze zone is modelled, where the bottom loss is infinite to study the reverberation
from the convergence zone only. This makes the long-range propagation indepen-
dent of the source characteristics, if it has a sufficiently large beamwidth. For an
acoustic frequency of 100 Hz the computational parameters used for PAREQ were
a 2048 size FFT, a range-step size of 20 m and a range sampling interval of 400 m
for the reverberation. The sound-speed profile in the water is given in Table 1. The
infinite-loss bottom was simulated by a bottom halfspace with a sound speed of

1502 m/s and a density of 1.0 g/cm3.

Since this surface reverberation problem is easily treated by standard ray codes
such as the Generic Sonar Model (GSM) [5] and MOCASSIN [6], we shall here be
comparing the PAREQ wave-theory results to a set of ray solutions generated by
the above models. Figure 9 shows the ray diagram from the GSM and Fig. 10 the
PAREQ propagation loss contours for a source depth of 250 m and a frequency of
100 Hz.

Figures 11 and 12 display the back-propagated reverberation as a function of depth
and range or time, respectively. At a first glance the difference in level between
the two displays is astonishing, however, the range-dependent plot shows the steady
state solution and the high reverberation levels at 30-40 km arise from the downward
propagating backscatter due to the CZ encounter. Only spreading loss for a path
length equal to depth occurs, while in the time display the reverberation from that
range at 40-60 s includes the propagation loss from the surface encounter back to
the source. (In Fig. 12 the surface reverberation for times less than 15 s, i.e. from
ranges less than 11 km, and depths below 500 m, does not meet the requirement of
having a path length of the order of the horizontal range, hence the reverberation
times are not correct.)

Figure 13 displays the reverberation at 250 m depth computed with the reciprocity
approach, the back propagation (actually a cut through Fig. 12) and the result from
the Generic Sonar Model [5] with equivalent parameters.

The two PE approaches differ only slightly, most likely caused by the lack of reci-
procity in using the vertical array as receiver and source, since the source field
created by the array has less resolution than the original source.

Compared to the results from the GSM the reverberation from the PE is offset by

4 s. A corresponding shift would match the reverberation peaks from the CZ at
50-56 s. The correction in travel time due to the correct phase speed along the ray

— 12 —
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3000 *

Figure 9 Ray trace for convergence zone profile (angles from
—11° to +11° with an increment of 2°) from GSM [5].

« F=100.0Hz SD=250.0m

[T ABOVE 120
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0 10 20 30 40 50 60
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Figure 10 Propagation loss for convergence zone profile with infinite bottom
loss.
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o F=100.0Hz SD=250.0m

ABOVE -100
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-140 - -135
-145 - -140
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-185 - -150

BELOW -155

30 40
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Figure 11 Back-propagated field caused by CZ backscatter due to Lambert’s
rule (steady state solution).

o F=100.0Hz SD=250.0m
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L EEEEENmN
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Figure 12 Reverberation at all receiver depths caused by CZ backscatter due to
Lambert’s rule.
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Figure 13 Comparison of the reverberation at the source depth
(250 m); solid line: reciprocity approach; dotted line: backpropa-
gated reverberation; dashed line: from GSM.
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Figure 14 Comparison of the reverberation at the source depth
(250 m); solid line: 5-frequency intensity average of reverberation;
dotted line: single frequency incoherent reverberation from MO-
CASSIN; dashed line: single frequency incoherent reverberation
from GSM.
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is about 1 s in the right direction. Additional corrections arise from the fact that the
incident energy is measured below the surface as explained before (Section 3.1.1).

Figure 14 shows the reverberation by averaging over 5 frequencies (100, 102.5, 105,
107.5 and 110 Hz) compared to the result from GSM and MOCASSIN [6]. The
frequency averaging mainly reduces the minima and the maximum at about 60 s.
Characteristically the steep onset is not smoothed or reduced. MOCASSIN computes
the reverberation time ¢ from the range r by ¢t = 2r/Cj as does PAREQ, but uses the
contact on the surface. The steep onset is due to lack of wave theoretical corrections
in the incoherent ray code.

The PE reverberation before the ray theoretical onset at 45 s arises from those
‘rays’ which propagate in the depth domain spanned by the vertical array and do
not contact the sea surface, as well as by surface bounce rays with small grazing
angles which are registered at the array well before they hit the surface (see ray
diagram Fig. 9).

—16 —
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« F=100.0Hz 8D =250.0m

30 40
Range (km)

Figure 15 Propagation loss for a convergence zone profile with a seamount.

3.3. BOTTOM REVERBERATION DUE TO A CONVERGENCE ZONE PRO-
FILE AND A SEAMOUNT

As a final example the same sound-speed profile is used with a reflecting bottom
(half space 1600 m/s, p = 1.0 g/cm?®, a = 1.0 dB/)A) and a seamount intersecting
the propagation path. The transmission loss contours are displayed in Fig. 15.

Figure 16 shows the back-propagated field and Fig. 17 the reverberation for all
receiver depths. The reverberation is received at all depths but with different levels
due to propagation effects; a frequency-averaged result would bring this out more
clearly.

Figure 18 gives the monostatic reverberation for 5 frequencies and also the averaged
result. This is to demonstrate, as before, that with only five frequencies in a band-
width of about 10% of the centre frequency a sufficient averaging is achieved to avoid
the rapidly oscillating interference pattern. A range averaging would also smooth
out the reverberation peak due to the seamount. Finally, Fig. 19 compares this aver-
age with the incoherently computed reverberation from MOCASSIN (dashed line).
The peak in the bottom reverberation at 65 km or 87 s in Figs. 18 and 19 is caused
by energy reflected by the seamount onto the sea surface and back to the bottom.
The corresponding peak in the sea-surface reverberation occurs at 61 km in Fig. 21.

The overall agreement with MOCASSIN is better than that reported in [1], since
the shallow water approximation for the reverberation in the MOCASSIN model has
been changed, and is now also adequate for deep water. To see this more clearly
compare the last two figures of [1] with the new version, i.e. Figs. 20 and 21.
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Figure 16 Back-propagated field caused by backscatter from the bottom due to
Lambert’s rule (steady state solution).
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Figure 17 Reverberation at all receiver depths caused by backscatter from the
bottom due to Lambert’s rule.
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Figure 18 Monostatic reverberation from the bottom for five
frequencies and the average (heavy solid line).

F =100 Hz

~100
RD =250 m
SD=250m

~110

~120 -

-130 1

~140 +

Bottom reverberation (dB)

~150 4

-160 T T v T T T T T T
0 10 20 30 40 50 60 70 80 90

Time (s)

Figure 19 Monostatic reverberation from the bottom — solid
line (average of five frequencies) compared to the reverberation
from MOCASSIN (dashed line).
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Figure 20 Single frequency monostatic reverberation from

the bottom (dashed line) compared to the reverberation from

MOCASSIN (solid line).
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sea surface (dashed line) compared to the reverberation from

Figure 21 Single frequency monostatic reverberation from the
MOCASSIN (solid line).
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4

Conclusion

The method of computing reverberation in a range-dependent environment devel-
oped earlier, has been extended from a monostatic geometry to allow for an ar-
bitrary number of receiver depths. Two approaches have been pursued: one uses
back-propagation and the second reciprocity of propagation. While giving the same
reverberation results, the back-propagation approach is, in a realistic environment,
more computer intensive and time consuming. This is because the backscattered
field has to be propagated backwards from each reverberation element in range to
the receiver position. The reciprocity approach is more flexible and can be used for
few receiver depths which speeds up the computation considerably. Furthermore, it
has proved quite easy to implement this reverberation option for arbitrary receiver
depths into the standard PAREQ code which is now generally available.
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